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In this paper we introduce definitions of distances defined by
norms in linear spaces in order to find optimal paths in free
spaces with obstacles. Euler-Lagrange equations in the variational
method give the optimal solutions for the problems of optimal
paths. Finally we discuss that our future studies for optimal paths
in free spaces with obstacles, which have fuzzy boundaries, is use-
ful in getting shortest paths in realistic environment with natural
damage, for example, earthquakes etc.
1
2 , (gauge),
(norm) (metric, distance) ([15] ).
1.1 $n$ $S\subset R^{n}$ , .
$x\in R^{n}$ $\gamma$ : $R^{n}arrow R_{+}=|0,$ $\infty)$ , .
$\gamma(x)=\inf\{\lambda>0:x\in\lambda S\}$ .
, $S$ , $y\in S\Rightarrow-y\in S$ , $x$ , $x$
$||x\Vert$ , $x,$ $y$ $d(x, y)$ :
$\gamma(x)=\Vert x\Vert_{\gamma}$ , $d(x, y)=||x-y\Vert_{\gamma}$ .
.
$\gamma$ , . $\gamma(x, y)=\gamma(y-x)$ , $g(x, y)\neq g(y, x)$
. : $||x-y||=||y-x||$ . 3
:(i) $\gamma(x)\geq 0$ and $(\gamma(x)=0\Leftrightarrow x=0);(ii)\gamma(\lambda x)=\lambda\gamma(x)(\lambda\geq 0)$
(iii) $\gamma(x+y)\leq\gamma(x)+\gamma(y)$ .
$\Vert\cdot\Vert$ $(R^{n}, \Vert\cdot\Vert)$ , $d$ $(R^{n}, d)$
.
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21 $\cdot\Vert$ $R^{n}$ , $d(x, y)=\Vert x-y\Vert_{d}(x, y\in R^{n})$
. $\{B_{i}\subset R^{n} :i=1, \cdots, N\}$ , ,
, $B_{i}\cap B_{j}\neq\emptyset(i\neq j)$ . : $\mathcal{B}=\bigcup_{i=1}^{N}B_{i}$ .
$\mathcal{F}=R^{n}-int(\mathcal{B})=\{x\in R^{n}:x\not\in \mathcal{B}, or, x\in\partial \mathcal{B}\}$
, (free space) . $\mathcal{F}$ .
$d_{\mathcal{B}}$ .
2 $x,$ $y\in \mathcal{F}$ $x-y$ (path) , $P:p(t)=(p1(t),p_{2}(t), \cdots,p_{n}(t))^{T}$
$(t\in I=[0,1])$ , $p(0)=x,p(1)=y$ . $\ell(P)$
:
$\ell(P)=/0^{1}\Vert\frac{dp}{dt}\Vert_{d}dt$ .
$x-y$ , $P$ $\mathcal{B}$ , $p(I)\cap$
int $(\mathcal{B})=\emptyset$ , $x-y$ (permitted path) . $x-y$ , d
(d-shortest permitted path), (barrier distance), (optimal path
$)$ , (geodestic path) $d_{\mathcal{B}}(x, y)$ :
$d_{\mathcal{B}}(x, y)= \inf$ {$\ell(P)$ : $P$ is permitted path}
$d$- , , ([15]).
(i) $d_{\mathcal{B}}(x, y)\geq 0$ and $(d_{\mathcal{B}}(x,y)=0\Leftrightarrow x=y\in \mathcal{F})$ ; (ii) $d_{\mathcal{B}}(x,y)=d_{\mathcal{B}}(y, x)$ ; (iii)
$d_{\mathcal{B}}(x, y)\leq d_{\mathcal{B}}(x, z)+d_{\mathcal{B}}(z,y)$ .
, $R^{n}$ $d$ $\mathcal{B}$ $(\mathcal{F}, d_{\mathcal{B}})$ . , $d-$
$d_{\mathcal{B}}(x, y)$ $R^{n}$ $d(x, y)$ :
$d_{\mathcal{B}}(x, y)\geq d(x,y)$ for $x,$ $y\in \mathcal{F}$ .
2.1 $d$ $R^{n}$ $d(x, y)$ , $d_{\mathcal{B}}(x, y)=d(x, y)$
, $x,$ $y$ d (visible) .
, (shadow) .
2.2 $x\in \mathcal{F}$ $d$
$shadow_{d}(x)=\{y\in \mathcal{F}:d_{\mathcal{B}}(x, y)>d(x, y)\}$
, $x$ $d$ (shadow) .
, $x=(x_{1}, x_{2}, \cdots, x_{n})^{T},$ $y=(y_{1}, y2, \cdots, y_{n})^{T}$
(Mahhatan norm) $M=\ell_{1}$ $E=\ell_{2}-$ .
$M(x, y)= \sum_{i=1}^{n}|x_{i}-yi|$
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Figure 2.1: $E(=P_{2})$ ( ) , $M(=\ell_{1})$ ( ) .
3
$(R^{n}, d)$ , $\mathcal{B}$
$B=\{x\in R^{n}:G(x)\leq 0\}$ ,
( $G$ , 2 $\nabla G\neq 0,$ $\partial B$ $n-1$ )
$\mathcal{F}=R^{n}-B$ 2 $x,$ $y\in \mathcal{F}$ $d$
:
$\min J(p)=/0^{1_{F(t,p,p^{J})dt}}$
’ where$F(t,p, q)=\Vert q(t)\Vert_{d}$ ,
such that $p(0)=x,$ $p(1)=y,$ $p(I)\cap int(B)=\emptyset$ . (3.1)
2 $x,$ $y\in \mathcal{F}$ $d$ $p$ , . $G$
.
3.1 $G:R^{n}arrow R$ :
(3.2)
$d$ $p$ , $\mu$ : $Iarrow R$ $u$ : $Iarrow\partial B$ ,
:
$p(t)=u(t)+\mu(t)_{\nabla}^{2}G(u(t))$ , where $u(t)\in\partial B,$ $\mu(t)\in R$,
such that $G(u(t))$ on $I$ .
, $u$ $\mu$ $3.1$ ) :
$G(u(t))=0$ for $t\in I$ ,
$u(O)+\mu(0)^{2}\nabla G(u(0))=x$ ,
$u(1)+\mu(1)_{\nabla}^{2}G(u(1))=y$ ,
(3.2) (3.1) , 2 $x,$ $y\in \mathcal{F}$ $d$
Figure 3.1: , $p$, $u$. $\mu$
$p$ , $(a)$ , $(b)$ $([15|)$ :
$(a)$ $p$ , Euler–Lagrange :
$\frac{\partial F}{\partial pj}(t,p,p’)-\frac{d}{dt}\frac{\partial F}{\partial qj}(t,p,p’)=0$, $q_{j}=p_{j}’;j=1,2,$ $\cdots,n$ ;
$(b)$ $p$ $G(p(t))=0$ , .
$\frac{\partial F}{\partial p_{i}}(t,p,p^{J})-\frac{d}{dt}\frac{\partial F}{\partial qi}(t,p,p’)+\lambda(t)\frac{\partial G}{\partial pi}(p)=0$, $i=1,2,$ $\cdots,$ $n$
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, . , ,
. , ,
.
(2) $\mathcal{B}$ 2 $x,$ $y\in \mathcal{F}$
$d_{B}(x, y)$ , . ,
, , , (








$\mathcal{F}_{b}^{st}$ ( , , ,
) , $\mathcal{F}_{b}^{st}/\sim$ ,
. $\mathcal{F}_{b}^{st}/\sim$ , ,
. 41 , ,
Figure 4.1: . . $A,$ $L1,$ $L2,$ $\cdots,Ln,$ $C;B,$ $R1$ ,
$R2,$ $\cdots,$ $Rm,$ $D$ .




$[$-1, $1]\cross[-1,1|\subset R^{2}$ , $B=\{u=(u_{1}, u_{2})^{T}:u_{1}^{2}+u_{2}^{2}\leq 1\}$ ,
$F=[-1,1]^{2}-B=[-1,1]^{2}\cap B^{c}$ . (1)
2




$(r_{1}<\xi\leq r_{2})(\xi\geq r1\geq 1);(\xi>r_{2})$
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. $r$ , $r1\geq 1$ , $r2>r_{1}$
. $r_{1}\geq 1$ $0\leq A\leq 1$ .
$\alpha$ $L_{\alpha}(\mu_{r})=\{\xi:\mu_{r}(\xi)\geq\alpha\},$ $0<\alpha\leq 1$ , $L_{\alpha}(\mu_{r})=[R_{1}(\alpha), R_{2}(\alpha)]$
. ,
$R_{1}( \alpha)=\min\{\xi:\mu_{r}(\xi)=\alpha\}$ , $R_{2}(\alpha)=r_{1}+(1-\alpha)(r_{2}-r_{1})$ .
5.1 , $B_{r}$ 2 $x(x_{1},x_{2}),$ $y(y1, y2)\in[-1,1|^{2}$
Figure 5.1: $\xi_{1_{f}}\xi_{2}\in[R_{1}(\alpha), R_{2}(\alpha)],\alpha$ , . 2 $x,y$ ,
$0<\alpha\leq 1$ , $\xi_{\alpha}\in[R_{1}(\alpha),$ $R_{2}(\alpha)|$ . $x-y$
, .
, .
, $0<\alpha\leq 1$ $\xi_{\alpha}\in[R_{1}(\alpha),$ $R_{2}(\alpha)|$ .
$B_{\alpha,\xi_{\alpha}}=\{u\in R^{2}:\Vert u-c\Vert\leq\xi_{\alpha}\}$
. $c$ ( ) , $\Vert\cdot\Vert$ . , $F_{\alpha.\xi_{\alpha}}=[-1,1]^{2}-$
B$\alpha$ , $\xi$ . . 2 $x,$ $y$ $\Vert u-c\Vert=\xi_{a}$ ,
$Q_{1},$ $Q_{2}$ , $P1,P2$ ( 52 ). $cQ_{1}x,$ $yQ_{2}c$ $p_{1}=\Vert Q_{1}-x\Vert$ ,
Figure 5.2: C $\in$ R2, $\xi_{\alpha}\geq 1$ . $x,y$ $Q_{1},Q_{2}$ .
$c-x$ $Q_{1}-x,$ $Q_{2}-y$ $c-y,$ $Q_{1}-c$ $Q_{2}-c$ $\theta$1, $\theta_{2},\theta$ .
. $T$ QlC $c$ $\partial$B$\alpha$ , $\xi$ .
$p2=||Q_{2}-y||$ ,
$p1=\sqrt{||c-x\Vert^{2}-\xi_{\alpha}^{2}}$, $p2=\sqrt{\Vert_{C}-y||^{2}-\xi_{\alpha}^{2}}$
. $\theta$ $M(\theta)$ ,
$Q_{1}=x+p1M( \theta_{\iota})\frac{c-x}{\Vert c-x||}$ , $Q_{2}=y+p_{2}M(- \theta_{2})\frac{c-y}{||c-y||}$
. $Q1TQ_{2}$ 2 $\Vert\xi_{\alpha}\Vert$ $\Vert u-c\Vert=\xi_{\alpha}$
$,$
$2|| \xi_{\alpha}||=||Q_{1}-Q_{2}||/(\sin\frac{\theta}{2})$ $\theta=2\arcsin_{2^{1}}^{-1}\ovalbox{\tt\small REJECT}_{||\xi_{\alpha}|}^{-2}$ , $Q_{1}Q_{2}$
$arcQ_{1}Q_{2}=2\Vert\xi_{\alpha}\Vert\theta$
. , $r\in \mathcal{F}_{b}^{st},$ $0<\alpha\leq 1,$ $\xi_{\alpha}\in|R_{1}(\alpha),$ $R_{2}(\alpha)|$
$\min(p_{1}+p_{2}+arcQ_{1}Q_{2})$
$s.t$ . $Q_{1},$ $Q_{2}$ $;p_{1},p_{2}$ ;
, xy F$\alpha$ ,$\xi$ ;
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$shadow_{\Xi}(x)$ $s$ adow (x)
8 $B$




$f^{v}i_{\sim 1}^{m_{\mathfrak{y}}}\dot{*}.:\iota$ $r_{\overline{f}}..\};\Gamma_{\iota}i=\cdot C_{21_{1}^{r}}$ ( 1 . $\backslash f_{t_{\underline{:}}t^{r}f’}$. $\langle$ .
$\Gamma^{\epsilon}i_{\dot{1}}^{\dot{\overline{\tau}}_{;}}n^{l}\iota r_{\dot{L}1}i.1$ : . $r\ovalbox{\tt\small REJECT}\alpha_{R}$ $vP\tau\overline{\cdot}$. $\{1l$ $\Phi$
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A $B$
$1\backslash :_{!_{=}\eta:rr\cdot 9t:}r$ . . 71 $4k_{\tau}J_{\grave{d}},$ $L^{\eta}..-\cdot\cdot.lr_{*}$ . $C:B,$ $P_{k}\grave{:}$ ,
$\int\underline{)\urcorner}$ . $\cdots$ : $\Gamma_{\dot{arrow}r}’:_{:}U$ .
$i^{\dot{l}}\vec{\nu}_{il}\mathfrak{n}^{\vee}.rc^{r_{J}},.1$ : $\backslash \dot{\iota}1\cdot l4.\sim\vee\dot{\cdot}\{t,t_{\wedge}^{1}\dot{\{}.1_{\iota^{j}}|,\prime J$ . 2 $x,t^{-}$ .















$r_{\dot{\backslash }\kappa}^{\backslash }\backslash \iota,:arrow$? $c\iota_{\vee}^{-}- R^{\wedge}$ . $*.\pi_{r}^{\wedge^{*}}t-..1$ , $\hslash\overline{arrow}\cdot f$; $\epsilon\ovalbox{\tt\small REJECT}\sigma|_{h}i_{\backslash }\cdot r_{t^{j}}!\tau$ $\approx$. $\hat$
$x-x$ $-\tau_{\backslash }Q\neg\backslash \cdotrightarrow\grave{.}t$ $\frac{\sim}{}-r$ . $Q\downarrow-c$ $4^{i_{\dot{4}}-P_{-}}$’ V $\oint\dot{j}’$ .t-$\mathfrak{i}$’$\alpha\grave$.
8 $mJ$ $i^{\overline{\backslash }}$ $fl^{\underline{Y}}$ $l\prime fl_{arrow x}$ ,
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